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We show that chains of atoms coupled to a 1D waveguide support states with two excitations
that have longer lifetimes than the most subradiant states with only a single excitation. These
excitations form spatially correlated dimers where one excited atom effectively constitutes a defect
(a site blocking further excitation) and establishes a localized mode for the other excitation. We
investigate the properties of the dimer states, and we show that our results apply also to chains of
atoms coupled to the free electromagnetic vacuum field in three dimensions.
Subradiance, the cooperative inhibition of spontaneous
emission from an atomic ensemble, has been pursued
since the seminal work by Dicke [1] and has been observed
only recently in atomic gases [2, 3] and in metamaterial
arrays [4]. Applications in quantum information process-
ing [5] motivate the studies of collective light-matter in-
teractions, including the subradiant excitations of struc-
tured atomic ensembles, particularly the one-dimensional
(1D) atom chains [5–22], 2D arrays [23–25] and other
geometries [26–28], where the atoms are coupled to the
free space vacuum field and to light modes confined by
nanofibers, waveguides, photonic crystals, etc.
The theoretical treatment of subradiance is hampered
by its complex manybody character and of the interplay
between dissipation and resonant dipole-dipole interac-
tion mediated by the quantized radiation field [12, 19, 29].
While many interesting results have been obtained in reg-
ular model systems, even the single excited states have
not been fully explored, and only few studies have dealt
with systems with multiple excitations. In recent numer-
ical studies [15–17], states with a fermionic construction
based on delocalized single excitation amplitudes were
found with decay rates equal to the sum of their single
excitation rates. The emergence of such solutions and
their properties have been explained analytically [18] by
the equivalence of excitations and Tonks-Girardeau hard-
core bosons [30, 31].
The fermionic states were considered as the most sub-
radiant multiply excited states [15–17]. But, together
with the fermionic states, numerical analyses in Ref.
[18] revealed the existence of entirely different long lived
states with more than a single excitation in two-level
atom chains coupled to a 1D waveguide. In this Letter
we show that these dimers of atomic excitations can be
more subradiant than the fermionic states, and that for
specific values of the distance between the atoms in the
chains, they even display longer lifetimes than the subra-
diant one-excitation states [32]. By an exact mapping to
one-excitation localized states of a chain with a missing
atom, valid also for chains coupled to the free vacuum
field in 3D, we demonstrate the existence of subradiant
dimer states under quite general conditions.
Spin Model. Consider a chain of N atoms with equal
spacing d. Each atom has a ground state |g〉 and an
excited state |e〉 with transition frequency ω0. The atoms
are coupled to a 1D waveguide that supports light modes
with a linear dispersion relation. Using the Born-Markov
approximation, the waveguide modes can be eliminated
to yield an effective theory for only the atomic states [33].
For atom chains coupled to 1D waveguides, as illustrated
in Fig. 1(a), the effective theory for atoms entails a non-
Hermitian Hamiltonian that can be written as [34]
Heff = −i1
2
Γ1D
N∑
m,n=1
eik1D|zm−zn| σ†mσn, (1)
where Γ1D is the decay rate of an individual atom cou-
pled to the waveguide, k1D is the wave number of the
waveguide mode resonant with ω0, zm is the position co-
ordinate of the mth atom and σ†m = |e〉m〈g|.
The Hamiltonian (1) preserves the number of atomic
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Figure 1. (a) A chain of two-level atoms couple to a 1D waveg-
uide. A dimer state is characterized by a delocalized average
position (corresponding to a well defined total wave number
K) and a well defined distance ∆ between the excitations. In
this Letter we study two types of subradiant dimers: type-I
states, dominated by K = 0 and ∆ = d, and type-II states
dominated by K = pi/d and ∆ = 2d. The upper parts of
panels (b,c) show the distribution of ∆; the lower panels show
the spatial distribution of the states on product excited states
|〈m,n|ψ〉|2.
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2excitations, and the individual atom bare Hamiltonians
are not included in Eq. (1). In the Monte Carlo wave
function formalism [35], the atomic state evolves under
(1), interrupted by stochastic quantum jumps represent-
ing spontaneous emission of a photon. The jump rate
makes a system prepared in a right eigenstate of Heff
maintain its excitation with a probability that decays
with twice the negative imaginary part of the correspond-
ing eigenvalue.
Subradiant dimer excited states. We will focus on the
two-excitation subspace of eigenstates of Heff , for lattices
with separation d restricted so that 0 < k1Dd < pi/2.
This space is spanned by states |n,m〉 where the mth
and nth atoms are excited. Our numerical results are
obtained by the exact diagonalization of Heff with use
of the SLEPc (Scalable Library for Eigenvalue Problem
Computations) [36].
While the diagonalization identifies fermionic states
with their characteristic spatial anti-correlation between
the excitations, we also find very correlated eigenstates of
Heff among the most long lived states, see Fig. 1. These
states have delocalized center of mass Zc = (zm + zn)/2
but well localized distance ∆ = |zm − zn| between the
two excitations, and to understand their properties, it is
useful to introduce basis states,
|K; ∆〉 =
zN−∆/2∑
Zc=z1+∆/2
eiKZc |Zc − ∆
2
, Zc +
∆
2
〉, (2)
with center of mass wave number K and distance ∆ of
the spatial location of excitations. In a finite chain, K is
not a good quantum number but our numerical studies
reveal two different types of subradiant dimers, shown
in Fig. 1(b,c): The type-I dimers have wave numbers
close to K = 0, and in the limit of an infinite chain, the
probability distribution for ∆ > 0 is
pI(∆) ∝ (cos k1Dd)2∆/d (3)
with dominant amplitude on ∆ = d. Type-II dimers
have wave numbers near K = pi/d, and an asymptotic
probability distribution for ∆ > 0
pII(∆) ∝ (cos 2k1Dd)∆/d (4)
populating only states with even distances, and with the
dominant amplitude on ∆ = 2d. On the infinite chains,
decay rates corresponding to the most subradiant states
vanish so that the eigenvalues are real. In Sec. C of [37],
we derive the asymptotic eigenvalues of the two types of
dimers, ωI = 2 tan(k1Dd) and ωII = 2 tan(2k1Dd). Know-
ing these asymptotic values allows efficient search of the
eigenstates for a finite chain with a large number of atoms
by the Krylov-Schur algorithm [38] with the shift-and-
invert method [39].
For infinite chains, we find K = 0 and K = pi/d dimer
states with infinite lifetime, while for the finite chain,
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Figure 2. Decay rates of the most subradiant type-II dimers
(shown by colors, with unit Γ1D) as function of atom number
N and lattice distance d. The red curve encloses the regime
where the type-II dimers are longer lived than the fermionic
states. The black line encloses the regime where the type-II
dimers are even longer lived than the one-excitation states.
In the shaded region, the dimer decay rate oscillates around
the single excitation rates as function of Nand d.
the decay rates of the most subradiant type-I states scale
asymptotically as nearly N−2, see Sec. A of [37]. This is
slower than the N−3 scaling of the fermionic states [15–
17], but we shall retain the type-I states in our analysis
to shed light on the type-II states, which show longer
lifetimes and a more complex behaviour.
The decay rate of the most subradiant type-II dimers
is shown versus N and k1Dd in Fig. 2, where a narrow
region between k1Dd = 0.16pi and 0.17pi is distinctively
subradiant. Moreover, fringe textures are seen to the
right hand side of that region. We compare the minimal
decay rates of type-II dimers with those of the most sub-
radiant fermionic states and one-excitation states, and
obtain the critical parameters of k1Dd and N shown by
the red and black boundary curves in Fig. 2. Specif-
ically, Fig. 2 demonstrates that the type-II dimer can
be more subradiant than the fermionic states, and even
the one-excitation states. This observation disproves an
unwritten orthodoxy that states with more excitations
have shorter lifetimes, being true, for example, for the
fermionic states that decay with the sum of their one-
excitation constituent decay rates [15–17]. Fig. 2 shows
that a short chain with N = 48 atoms is sufficient to ob-
serve the even more subradiant dimer states, in the case
of k1Dd = 0.1676pi.
To study the extremely subradiant region in more de-
tail, we plot decay rates of the most subradiant type-II
dimer for a few values of N in Fig. 3(a). A sharp dip in
decay rates is manifested around k1Dd = pi/6, and a mag-
nified view of the interval k1Dd/pi ∈ [0.17, 0.18] shows the
fringe textures observed in Fig. 2. In Fig. 3(b), we ob-
serve different scaling with N ≤ 500 for different lattice
constants, and around k1Dd = pi/6, the decay rates are
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Figure 3. Decay rates of the most subradiant type-II dimer
states. (a) Decay rates as function of k1Dd/pi for different
values of N . A narrow dip is found near k1Dd = pi/6. The
insert shows a magnified view of the oscillatory behavior of
the decay rates. (b) Decay rates as function of atom number
for k1Dd/pi from 0.1 to 0.4 (every 0.05), 0.1676 and 0.16666.
The dashed line shows the decay rate of the most subradiant
one-excitation state for k1Dd = 0.1676pi, scaling as N
−3. The
insert shows a period four modulation of the decay rate as
function of N for k1Dd = 0.25pi.
reduced faster than N−3 over wide intervals, and show
regions with oscillations breaking the conventional mono-
tonicity with N . For k1Dd near 0.25pi, the decay rate is
modulated with a period of 4, see insert in Fig. 3(b):
adding 4 atoms makes the chain longer by half a reso-
nant wavelength.
If the chain is infinite, the basis state |pi/d; 2d〉 defined
in Eq. (2) is an exact type-II dimer eigenstate for k1Dd =
0.25pi. Since Eq. (4) vanishes for k1Dd = 0.25pi, the
amplitudes for larger ∆ are completely suppressed, and
the state is a joint eigenstate for the total momentum,
pˆ1 + pˆ2, and the relative position coordinate, xˆ1− xˆ2, i.e.,
a version of the Einstein-Podolsky-Rosen state [40]. A
similar exact type-I subradiant dimer eigenstate is found
with k1Dd = 0.5pi.
Excitations as defects. To understand how the con-
finement of excitation pairs emerges from Eq. (1) and
why they are subradiant, we note that a site n on which
the atom is already excited is effectively blocked to fur-
ther excitation and hence can be viewed as a missing site
that breaks the translation symmetry of the second exci-
tation. This gives rise to a localized defect mode and is
the origin of the dimer structure.
This argument can be made rigorous by applying Heff
on the states in Eq. (2) to obtain
Heff |K; ∆〉 =
∑
∆′≥d
HK∆,∆′ |K; ∆′〉+ (tails), (5)
which defines matrix elements in the ∆ basis and “tails”
located at the end of the atomic chain, see Sec. B of Ref.
[37] for the full expressions. The “tail” components are
responsible for the scaling of the decay rates with chain
length N , but less essential to the formation of the dimer
state, as we shall now discuss.
It is useful to extend the domain of ∆ to include
both positive and negative discrete values (excluding the
blocked site ∆ = 0). By this mapping, dimers char-
acterized by distributions of positive relative distances
∆, are treated as even eigenstates of a single parti-
cle Hamiltonian with matrix elements of site indexes
∆/d,∆′/d ∈ {±1,±2, · · · },
(HKdef)∆,∆′ = −i
1
2
Γ1D
∑
=±1
ei(k1D+
K
2 )|∆−∆′|, (6)
derived in Sec. D of Ref. [37]. Even eigenstates, localized
around the blocked site at ∆ = 0, are illustrated in Fig.
4(a).
The type-I dimers are obtained with K = 0 as the
eigenstates of H0def, while type-II dimers have K = pi/d,
and are found as eigenstates of Hpi/ddef . In Sec. E of Ref.
[37] we show that the odd and even sites ∆ are not cou-
pled by Hpi/ddef . The odd sites of ∆/d = ±1,±3 · · · con-
stitute a perfect lattice with no defect, while the even
sites of ∆/d = ±2,±4 · · · constitute a chain with spac-
ing 2d and a defect at ∆ = 0. For the even sites, Hpi/ddef
is equivalent to H0def with the doubled atom-atom dis-
tance (k1Dd → 2k1Dd), explaining the close relationship
between Eq. (3) and Eq. (4), and also the relation be-
tween the asymptotic energy shifts ωI and ωII. The lo-
calized states of H0def, therefore entail both the type-I
dimers with lattice parameter k1Dd, and type-II dimers
with lattice parameter k1Dd/2.
In Sec. F of Ref. [37], we assume an arbitrary loca-
tion of the defect and derive the localized state of H0def.
Here we summarize its main properties. The Hamil-
tonian can be expressed as H0def = HL + HR + HLR,
where HL(R) is the Hamiltonian of the subchain on the
left (right) hand side of the defect, and HLR is their
coupling. Each subchain has two superradiant modes
|±k1D;L〉 =
∑
n∈L e
±ik1Dzn |n〉 and the similarly defined
|±k1D;R〉. The left and right superradiant modes, how-
ever, are coupled by HLR = −iΓ1D(|−k1D;L〉〈−k1D;R| +
|k1D;R〉〈k1D;L|).
4As in [18], we extend the Bloch state ansatz, |±k1D;R〉,
to allow complex wave numbers with imaginary parts
that are responsible for the exponential localization of
excitation amplitudes around the defect. We thus find lo-
calized eigenstates well approximated by |qI;R〉+ |−qI;L〉,
where the complex wave number qId = −i ln cos(k1Dd)
leads to the probability distribution Eq. (3), and qIId =
pi − 0.5i ln cos(2k1Dd) leads to Eq. (4). Note that while
|qI;R〉 and |−qI;L〉 are superradiant states when restricted
to their respective subchain of atoms, their superposition,
constitutes an extremely subradiant state, in a manner
similar to states explored in Refs. [25–27]. As shown in
Sec. E of [37], for finite chains, qI will be corrected by
a term exponentially suppressed by the shorter subchain
length. This explains the numerical result illustrated in
Fig. 4(b), that the localized states around a missing atom
have decay rates that are suppressed exponentially with
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Figure 4. (a) The confinement of excitation pairs is equiva-
lent to localization of an excitation around a missing site. (b)
Decay rates (with unit Γ1D) of the state localized around the
central missing site, for k1Dd/pi = 0.25, 0.3, 0.35. (c) Decay
rates of the localized state as function of the position of the
missing site in a chain with 60 atoms and k1Dd/pi = 0.25, 0.3.
Profiles of the localized states of atom chains coupled to free
quantized field in 3D, with (d) transverse and (e) parallel
polarization, for d = 0.35 and 0.45 times the resonant wave-
length λ0. The decay rates are given in units of the single
atom spontaneous emission rate γ0.
the atom number N . When the defect is localized in a
finite chain, Fig. 4(c) shows that the decay rate is sup-
pressed exponentially with the number of atoms in the
shorter subchain.
Due to the exact mapping for the infinite chain be-
tween excitation dimers and excitation around a defect,
we thus expect the dimer states to show long lifetimes
for long chains, but we also expect a deviation from the
exponential due to the “tails” in Eq. (5). Our numerical
solutions reveal a rather complex behavior of the decay
rates due to the fine tuning of the value of k1D leading
to the smallest decay rate for different values of N , but
overall, we observe that for N ≥ 48, it is possible to
obtain decay rates that are lower than those of single ex-
citation states, and for certain intervals of N , the scaling
is faster than a power law of N , as shown by the curves
for k1Dd = 0.1676pi and 0.16666pi in Fig. 3(b).
Universality. If the system is described by an effec-
tive Hamiltonian that can be written in the form of
Heff =
∫
dµ(k1D)Heff(k1D), where dµ(k1D) is an integral
measure over the variable k1D and Heff(k1D) refers to
Eq. (1), our derivations from Eq. (5) to Eq. (6) can be
applied linearly to every Heff(k1D), and the mapping be-
tween dimers and single excitations around defects holds
for the full Hamiltonian as well. This allows straightfor-
ward generalization of our theory to other field configu-
rations than the 1D waveguide. To examine the existence
of dimer states in chains coupled, e.g., to the free vacuum
field in 3D, it is sufficient to focus on the one-excitation
localized states.
For atom chains coupled to the 3D free space electro-
magnetic field, expressions for the integration measure
µ(k1D) are given in Ref. [18]. As shown in Fig. 4(d,e),
localized states around missing sites exists, for atoms po-
larized both transverse and parallel to the chain. The
parallel polarization leads to a shorter atom-atom in-
teraction range and hence to a weaker localization. In
contrast to the 1D waveguide, localized states have fi-
nite decay rates in 3D vacuum, and we expect dimers to
have similar finite decay rates, also in the limit of infinite
chains.
Conclusion and discussion. In this Letter, we have
introduced the subradiant dimer of atomic excitations in
qubit chains coupled to a 1D waveguide. We identified a
(type-II) dimer, characterized by a separation of 2d be-
tween the excitation pairs, which can be even more sub-
radiant than the the one-excitation subradiant states of
the system. The decay rates of the states display a rather
complex dependence on the atom number and distance
in the chain, including non-monotonic wiggles as func-
tion of N when k1Dd is close to but larger than pi/6, and
oscillations due to observation of phase matching near
k1Dd = 0.25pi.
Our numerical findings are supported by the reported
equivalence of dimer states and localized single excita-
tion (defect) states around a missing atom. Such one-
5excitation localized states have exponentially suppressed
decay rates when coupled to a 1D waveguide, and sub-
radiant, but finite, decay rates when coupled to the free
3D radiation field.
We propose to verify these predictions experimentally,
addressing single excited states around defects, e.g., by
predominantly exciting atoms around a missing or suit-
ably perturbed atomic site, and waiting for excitation
amplitudes on orthogonal excitation modes to decay. To
verify the dimer subradiant states, one would excite a
system uniformly, but one may exploit interactions to fa-
cilitate correlated excitation of dimers within certain dis-
tance ranges [41], and thus maximize the overlap with the
long lived states identified in this Letter. Other efficient
ways to couple the bound states or localized states may
be mediated by ancillary atoms distributed off the 1D
lattice sites [42, 43]. Finally, we imagine that our map-
ping between doubly excited states and localized states
around defects may become a useful ingredient in other
lattice models and contribute to the analysis of quasipar-
ticle confinement found recently, e.g., in Ising spin chains
with long-range interactions [44].
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SUPPLEMENTAL MATERIAL
A. Decay rates of the type-I dimers
The decay rates of the most subradiant type-I dimer
states versus atom number N and k1D are plotted in Fig.
1. Compared with the type-II states, the curves are free
from dips and wiggles.
B. Full Expression of terms omitted in Eq. (5)
The expression of HK∆,∆′ is given by
HK∆,∆′ = −i
1
2
Γ1D
∑
,′=±1
ei(k1D+
K
2 )|∆−′∆′|. (1)
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Figure 1. Decay rates of the most subradiant type-I dimer
states. (a) Decay rates versus atom number for k1Dd/pi from
0.1 to 0.4 (every 0.05), and 0.1676. The dashed line is guide
to eyes for the N−2 scaling. (b) Decay rates versus k1D for
fixed N .
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Figure 2. The dotted (solid) lines show the deviation of
the real part of the eigenvalues of the dimer states from the
asymptotic eigenvalues ωI(II) as function of k1D for the type-I
(type-II) dimers for different values of N .
The omitted “tails” are expressed as
(tails) =
iΓ1D
2
ei(k1D+
K
2 )∆σ†−k1D(σ
†
K+k1D
)R|G〉
+
iΓ1D
2
ei(k1D−
K
2 )∆σ†k1D(σ
†
K−k1D)L|G〉,
(2)
where |G〉 is the state where no atoms are excited,
σ†p =
∑
m e
ipzmσ†m, and the foot indexes R and L re-
strict the summation of σ†p in the interval of (zN −∆, zN ]
and [z1, z1 + ∆), respectively.
For dimer states dominated by small values of ∆, the
“tail” terms are well restricted to a small fraction of the
atomic ensemble near the ends of the chain.
C. The eigenvalues on an infinite chain
On infinite chains, the most subradiant states have
vanishing decay rates so that the corresponding eigenval-
ues are real. In Fig. 2, we plot the deviations of energy
levels of the dimers from their N → ∞ asymptotic val-
ues. Analytical expressions of the asymptotic values can
be obtained both from HK (this section: here we address
type-I states) and from HKdef (sec. F).
Applying H0 upon |q〉 = ∑∆>0 eiq∆|∆〉 yields
H0|q〉 = ωq|q〉 − iΓ1D
2
(g0q |k1D〉+ h0q|−k1D〉), (3)
where the coefficients are
ωq =
Γ1D
4
∑
=±
cot(
k1D + q
2
d), (4a)
g0q =
ei(q−k1D)d
1− ei(q−k1D)d +
ei(q+k1D)d − ei(q+k1D)Nd
1− ei(q+k1D)d , (4b)
7h0q =
ei(q+k1D)Nd
1− ei(q+k1D)d . (4c)
Suppose that q has a positive imaginary part and N is
sufficiently large so that eiqNd ' 0. This implies that
h0q = 0 and if we can find a value of q so that g
0
q = 0,
the corresponding |q〉 is an eigenstate of H0. For large
N , this leads to the equation
e2ik1Dd = −1− e
i(q+k1D)d
1− ei(q−k1D)d . (5)
The solution is q = −i ln cos(k1Dd). Substituting this
into the expression for ωq yields the real eigenvalue ωI =
2 tan(k1Dd).
D. Mapping from HK to HKdef
The one-to-one correspondence between the eigen-
states of HK and the even eigenstates of HKdef can be
understood from the following simple observation.
From Eq.(1), we see that the summation over ′ =
±1 in HK can be formally represented by writing
(HK)∆,∆′ = A+∆,∆′ +A−∆,∆′ , where
A±∆,∆′ = −i
1
2
Γ1D
∑
=±1
ei(k1D+
K
2 )|∆−(±)∆′|. (6)
While these quantities are introduced for application to
the case of ∆,∆′ > 0, they formally obey the symme-
try, A+∆,∆′ = A
−
∆,−∆′ and, hence the action of HK on a
general state obeys the following set of equations,∑
∆′>0
(HK)∆,∆′〈∆′|ψ〉
=
∑
∆′>0
A+∆,∆′〈∆′|ψ〉+
∑
∆′>0
A−∆,∆′〈∆′|ψ〉
=
∑
∆′>0
A+∆,∆′〈∆′|ψdef〉+
∑
∆′<0
A+∆,∆′〈−∆′|ψdef〉.
(7)
In the last line we introduce the even states, |ψdef〉,
defined for both positive and negative ∆, and satisfy-
ing 〈∆|ψ〉 = 〈∆|ψdef〉 for ∆ > 0, and we observe that
the last expressions can be combined in a single sum∑
∆′ 6=0(HKdef)∆,∆′〈∆′|ψdef〉, where
(HKdef)∆,∆′ = A+∆,∆′ . (8)
E. Properties of HK=pi/ddef for the type-II dimers
We have,
(Hpi/ddef )∆,∆′ = −i
1
2
Γ1D
∑
=±1
ei(k1Dd+
pi
2 )|∆−∆′|, (9)
where the indexes ∆ and ∆′ have been transformed to
dimensionless integers for convenience of notation.
If ∆ and ∆′ have opposite parity, i.e., one is even and
the other is odd, |∆−∆′| will be odd and consequently
ei
pi
2 |∆−∆′| + e−i
pi
2 |∆−∆′| = 0. (10)
It means that (Hpi/ddef )∆,∆′ = 0, i.e., the odd and even ∆
are not coupled. Thus we can write
Hpi/ddef = Hpi/ddef; odd +Hpi/ddef; even, (11)
where the odd and even terms commute. Hence the
Hilbert space of all one-excitation states, say H, can be
separated by H = Hodd ⊕Heven.
For states in Hodd, we consider only the subchain con-
sists of all odd ∆, i.e., ∆ = ±1,±3, · · · . This subchain
does not couple to the defect at ∆ = 0 and provides no
localized solutions. It is therefore sufficient to consider
Hpi/ddef; even, acting on the even sites ∆ = ±2,±4, · · · . By
substituting ∆ = 2ξ (ξ = ±1,±2, · · · ) into Hpi/ddef; even, we
find
(Hpi/ddef; even)ξ,ξ′ =− i
1
2
Γ1D
∑
=±1
ei(2k1Dd+pi)|ξ−ξ
′|
=− iΓ1Dei2k1Dd|ξ−ξ′|(−1)|ξ−ξ′|
=− iΓ1Dei2k1Dd|ξ−ξ′|(−1)ξ+ξ′ .
(12)
Using a local phase transformation, |ξ〉 → (−1)ξ|ξ〉, the
above expression can be transformed to
(Hpi/ddef; even)ξ,ξ′ → −iΓ1Dei2k1Dd|ξ−ξ
′|, (13)
which is equivalent to the Hamiltonian for the type-I
(K = 0) dimers with the scaled parameter 2k1Dd.
To summarize, the localization of Hpi/ddef (k1Dd), which
corresponds to the type-II dimers, is equivalent to that
of H0def(2k1Dd) which belongs to the type-I dimers.
F. Defect-Induced Localized Subradiant State
We denote the effective Hamiltonian of a chain with
the mth atom missing by H−m,def. This defect separates
the chain into the left one and the right subchain, where
Bloch one-excitation states, |qL〉 and |qR〉, are defined as
|qL(R)〉 =
∑
m∈L(R)
eiqzm |m〉. (14)
Then we have
H−m,def|qL〉 =ωq|qL〉 − iΓ1D
2
(
gL,q|k1D;L〉
+βq|k1D;R〉 − hL,q|−k1D;L〉
)
,
(15a)
8H−m,def|qR〉 =ωq|qR〉+ iΓ1D
2
(
hR,q|−k1D;R〉
−θq| − k1D;L〉 − gR,q|k1D;R〉
)
,
(15b)
where the coefficients are given as
gL,q =
ei(q−k1D)z1
1− ei(q−k1D)d , gR,q =
ei(q−k1D)(zm+d)
1− ei(q−k1D)d , (16a)
hL,q =
ei(q+k1D)zm
1− ei(q+k1D)d , hR,q =
ei(q+k1D)(zN+d)
1− ei(q+k1D)d , (16b)
βq =
ei(q−k1D)z1 − ei(q−k1D)zm
1− ei(q−k1D)d , (16c)
θq =
ei(q+k1D)(zm+d) − ei(q+k1D)(zN+d)
1− ei(q+k1D)d . (16d)
The expression of ωq is identical to that of Eq. (4a).
We expect that the eigenvalues will be expressed by ωq
for some specific values of q with contributions to the
eigenstates from the degenerate states |±qL〉 and |±qR〉.
Indeed, one verifies by inspection that a superposition,
cL|ψq〉L+cR|ψq〉R, of |ψq〉L ∝ gL,−q|qL〉−gL,q|−qL〉 and
|ψq〉R ∝ hR,−q|qR〉 − hR,q| − qR〉 lead to cancellation of
the | ± k1D;L〉 and | ± k1D;R〉 terms in Eq. (15) and that
the coefficients cL and cR can be found if the determinant
of the following matrix vanishes:(
gL,qhL,−q − gL,−qhL,q θqhR,−q − θ−qhR,q
βqgL,−q − β−qgL,q gR,qhR,−q − gR,−qhR,q
)
(17)
This condition is further evaluated to be∑
=±
1
A2q
e−iqd(N−1) − e
2ik1Dd
AqA−q
∑
=±
eiqd(N−1)
=
1− e2ik1Dd
AqA−q
∑
=±
eiqd(N−2m+1),
(18)
where
Aq = 2− ei(q−k1D)d − e−i(q−k1D)d.
It is expected that the solution for q has positive imag-
inary part, hence eiqNd ≈ 0. Then Eq. (18) can be
evaluated to
A−q
Aq
−e2ik1Dd = (1− e2ik1Dd)
× [(cos k1Dd)2(N−m) + (cos k1Dd)2(m−1)].
(19)
When the missing site is far from the chain ends so that
the right hand side of the above equation can be ignored,
we have
e2ik1Dd = A−q/Aq, (20)
with the solution qI = −i ln cos(k1Dd). Similarly for the
case corresponding to the type-II states, we obtain qII =
pi−0.5i ln cos(2k1Dd). Substituting these expressions into
ωq yields the asymptotic eigenvalues.
Terms on the right hand side of Eq. (19) are suppressed
exponentially in the length minNLR of the shorter sub-
chain (left or right side of the missing site). The coupling
at the end provides a correction, q = qI + δ, with
δ =
−i
2d
cot2(k1Dd)(cos k1Dd)
minNLR . (21)
Substituting this into the expression for ωq yield an ex-
ponentially suppressed decay rate of the localized state
as function of minNLR.
The localized states are exponentially suppressed at
the chain ends and the eigenstate are approximately
given by
|qI;R〉+ | − qI;L〉, (22)
as we present in the main text.
